Abstract-In the uplink of multi-user multiple input multiple output (MIMO) orthogonal frequency division multiplexing (OFDM) systems, there are multiple carrier frequency offsets (CFO's) from the multiple users. In this paper, we study algorithms to estimate these multiple CFO values. We first derive the maximum likelihood (ML) estimator and show that the complexity of the ML estimator increases exponentially with the number of users so that the estimator is not suitable for practical implementations. To reduce the complexity, we propose a suboptimal algorithm using constant amplitude zero autocorrelation (CAZAC) sequences. The complexity of the proposed method increases only linearly with the number of users. Using computer simulations, we compare the performance using CAZAC training sequences with that using the m sequence and the short training field (STF) of the IEEE 802.11n systems. The results show that in the low to medium SNR regions, the performance using CAZAC sequences is very close to the single-user Cramer-Rao bound. For high SNR regions, an error floor exists due to multiple access interference (MAI). The error floor using CAZAC sequences is more than 10 times smaller compared to the error floor using the other two sequences.
I. INTRODUCTION
The multiple input multiple output (MIMO) system increases the information capacity of rich scattering wireless fading channels enormously by employing multiple antennas at both the transmitter and the receiver [1] [2] . Combining MIMO with orthogonal frequency division multiplexing (OFDM) enables efficient implementation of the MIMO concept for frequency selective fading channels. An extension of the MIMO-OFDM system is the multi-user MIMO-OFDM system illustrated in Figure 1 . In such a system, multiple users, each with one or multiple antennas, transmit simultaneously using the same spectrum. The receiver is a base station equipped with multiple antennas. It uses spatial processing techniques to separate the signals from different users. This system is also known as the virtual MIMO system [3] .
Carrier frequency offset (CFO) is caused by the doppler effect of the channel and the difference between the transmitter and receiver local oscillators (LOs). In OFDM systems, CFO destroys the orthogonality between the subcarriers and causes inter-carrier interference (ICI). Therefore, to ensure reliable performance of OFDM systems, the CFO must be accurately estimated and compensated. For single input single output (SISO) OFDM systems, periodic training sequences are used in [4] and [5] to estimate the CFO. It is shown that such CFO estimator reaches the Cramer-Rao bound (CRB) with low computational complexity. Similar idea was extended to collocated MIMO-OFDM systems [6] [7] [8] , where all the transmit antennas are driven by a centralized LO and so are all the receive antennas. In this case, the CFO is still a single parameter. The CFO estimation is more complicated for a multi-user MIMO-OFDM system. In this system, each user has its own LO, while the multiple antennas at the basestation (receiver) is driven by a common LO. Therefore, in the uplink, the receiver needs to estimate multiple CFO values for all the users. The CFO estimation for multi-user MIMO systems in flat fading channels was studied in [9] and [10] . In [11] , a semi-blind method was proposed to estimate the frequency offset and channel coefficients for the uplink of multi-user MIMO-OFDM systems in frequency selective fading channels.
In this paper, we study the CFO estimation in the uplink of multi-user MIMO-OFDM systems using training sequences. We first derive the maximum likelihood (ML) estimator for the multiple CFO values. To obtain the ML estimates requires a search over all the possible CFO values. The complexity of such a search grows exponentially with the number of users and is prohibitive for practical implementations. To reduce the complexity, we propose a sub-optimal method using constant amplitude zero autocorrelation (CAZAC) training sequences, which have zero autocorrelation for any nonzero circular shifts. Using the proposed method, the CFO estimates can be obtained using simple correlation operations and the complexity of this method grows only linearly with the number of users. We show that the multiple CFO values destroy the orthogonality between the training sequences from different users. This introduces multiple access interference (MAI). We derive an expression for the signal to interference ratio (SIR) and show that it is dependent of the CFO values and the power delay profiles (PDP) of the channel. We use computer simulations to study the performance of the proposed method. The results show that for low to medium signal to noise ratio (SNR), the proposed method performs close to the singleuser CRB. An error floor exists for high SNR, which is due to MAI. We compare the performance using the CAZAC sequences with the performance using IEEE 802.11n short training field (STF) [12] and the m sequences, which are two other sequences with good autocorrelation properties. The results show that the error floor using the CAZAC sequences is more than 10 times smaller compared to the other two sequences.
The rest of the paper is organized as follows. In Section II, we present the system model and derive the ML estimator for the multiple CFO values. The sub-optimal CFO estimation algorithm using CAZAC sequences is proposed in Section III. The performance of the proposed method was evaluated using computer simulations in Section IV and Section V concludes the paper.
II. SYSTEM MODEL
In this paper, we study a multi-user MIMO-OFDM system with n t users, where each user has a single transmit antenna. The basestation has n r receive antennas, with n r ≥ n t , The received signal at the ith receive antenna can be written as
where φ m is the CFO value for the mth user, k is the timing index, and L is the number of multi-path components in the channel. From (1), we can see that we have n t different CFO values (φ m 's) to estimate. The received signal in (1) can be written in equivalent matrix form as
where
T and superscript T denotes transpose. The CFO matrix of user m is denoted as E(φ m ), which is a diagonal matrix with diagonal elements equal to
. We use S m to denote the transmitted signal matrix for the mth user, which is a circulant matrix with the first row defined by
The channel impulse response vector between the mth user and the ith receive antenna is denoted as h i,m . Collecting the received signals from all receive antennas for N samples, we have
For easy understanding, we use a subscript under the square bracket to denote the matrix size. The vector Φ = [φ 1 , · · · , φ nt ] is the CFO vector containing the CFO values from all users, and the channels of all users are stacked into the channel matrix H given as
, 
Because the noise is Gaussian and uncorrelated, the likelihood function for the channel H and CFO values Φ can be written as
Following a similar approach in [13] , we find that for a fixed CFO vector Φ, the ML estimate of the channel is given by
Substituting (5) into (4) and after some algebraic manipulations, we obtain the ML estimate of the CFO vector Φ given byΦ = arg max
and tr (•) denotes the trace of a matrix. To obtain the ML estimate of the CFO vector Φ, a search needs to be performed over the possible CFO values from all the users. The complexity of this search increases exponentially with the number of users and this search is not practical.
III. CAZAC SEQUENCES FOR THE CFO ESTIMATION IN MULTI-USER MIMO-OFDM SYSTEMS
To reduce the complexity of the CFO estimation for multiuser MIMO-OFDM systems, in this section, we propose a suboptimal algorithm making use of CAZAC sequences. CAZAC sequences are special sequences with constant amplitude elements and zero autocorrelation for any non-zero circular shifts. This means for a length-N CAZAC sequence, we have s(n) = exp(jθ n ) and
for all values of k = 0, 1, · · · , N − 1. Here we use to denote circular subtraction. Let S be a circulant matrix with the first row equal to [s(1), s(N ), s(N − 1), · · · , s (2) ]. The autocorrelation property of CAZAC sequences can be written in equivalent matrix form as
where I is the identity matrix. This means that S is both a unitary and a circulant matrix. Examples of CAZAC sequences include the Frank-Zadoff sequence [14] and the Chu sequence [15] .
In [16] , we showed that for collocated MIMO-OFDM systems, using CAZAC training sequences results in efficient joint CFO and channel estimation. The CFO estimation also achieves CRB performance. Here, we extend the idea to the CFO estimation in multi-user MIMO-OFDM systems. Let the training sequence of the first user be s 1 
for i = 1, · · · , n t .
• The cross correlation satisfies (10) where I i−j denotes a matrix which results from circularly shifting the one elements of the identify matrix to the right by τ j − τ i . For easy CFO estimation, two periods of the training sequence are used as in SISO-OFDM systems [5] . In this case, the received signals in the two periods can be written as
Without loss of generality, we show how to estimate the CFO of the 1st user and the same procedure can be applied to all the other users. Because the same procedure is applied to all the users, the complexity of such a CFO estimation method increases linearly with the number of users. We first consider a special case when all the other users are synchronized except for the first user, i.e. φ m = 0 for m = 2, · · · , n t . We cross correlate the training sequence of the first user with the received signal and we get
where I τm is an matrix resulting from circularly shifting the identity matrix to the right by τ m samples. Therefore, I
τm H m produces a matrix resulting by circularly shifting the rows of H m τ m samples downwards.
We make sure that the circular shift between the m − 1th and mth users are larger than length of the channel impulse response, i.e. τ m − τ m−1 ≥ L. Since the channel order is L, only the first L rows in the N × n r matrix H m are nonzero. Therefore, the first L rows of I τm H m are all zero for m = 2, · · · , n t . As a result, the first L rows of Y 1 are free of the interference from all the other users. Let us define I L as the first L rows of the N × N identity matrix, we have
We can see that the purpose of I L is to select the first L rows from the matrix S H 1 E(φ 1 )S 1 H 1 . Because the CFO's of all the other users are 0, the shift orthogonality between the training sequences is maintained. In this case, Y 1 is free of interference from the other users. Following a similar approach as in [16] , we can show that the ML estimate of the CFO for the first user is given bŷ
and this can be easily implemented using correlations. Notice that to ensure τ m − τ m−1 ≥ L for all m, we need to have the training sequence length N ≥ n t L. When the other users' CFO values are not zero, Y 1 is given by
From (15), we can see that the orthogonality between the training sequences from different users is destroyed by the presence of the CFO's φ m . As a result, there is an extra MAI term V in the received signal. This interference is independent of the noise and hence it will cause an irreducible error floor in performance of the CFO estimator given in (14) . The covariance matrix of the MAI term can be expressed as in (16) on top of the next page. Here, we assume the channels between different transmit and receive antennas are uncorrelated in space. We also assume different paths in the multi-path channel are also uncorrelated. If we let
T be a N ×1 vector containing the L × 1 PDP of the channel between the mth user and the ith receive antenna and (N − L) × 1 zero vector, we have
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, the signal to interference ratio (SIR) of the mth user is given by
We can see that the SIR is a function of the CFO values for all the users and the PDP of the channels.
IV. SIMULATION RESULTS
In this section, we present the simulation results of the proposed CFO estimation algorithm using CAZAC sequences. We simulate a system with two users and each user has one transmit antenna. The basestation has two receive antennas. The OFDM system has 128 subcarriers with length 16 cyclic prefix. We compare the performance of CFO estimation using CAZAC sequences with the following two sequences which also have good autocorrelation properties 1) IEEE 802.11n short training field [12] ; 2) m sequences. In the simulations, we use the 802.11n STF for 40MHz operations which has a length of 32. For the m sequence, we use a sequence length of 31. To provide a fair comparison, we compare the performance using the 802.11n STF with a length-32 Chu (CAZAC) sequence generated by [15] 
and we compare the performance with the m sequence using a length-31 Chu sequence generated by [15] 
We provide comparisons for multipath channels with uniform and exponential PDP. For channels with exponential PDP , the root mean square (rms) delay spread is equal to 1 sample period. The CFO is normalized with respect to the subcarrier spacing. The actual CFO values for the two users are modeled as random variables uniformly distributed between [-0.5, 0.5].
The mean square error (MSE) of the CFO estimation is defined by
whereφ i and φ 0 represent the estimated and true CFO's, respectively, K is the number of subcarriers, and N s denotes the total number of Monte Carlo trials. The performance of CFO estimation using the 802.11n STF and N = 32 Chu sequence is shown in Figure 2 and Figure  3 for channels with uniform and exponential PDP. Here we use 16-tap multipath channels and the circular shift between the training sequences of the two users τ 2 = 16. To gauge the performance of the CFO estimation, we also included the single-user CRB in the comparison. The single-user CRB is obtained by assuming no MAI and can be shown to be [17] 
where γ is the SNR per receive antenna. From the results, we can see that the CFO estimation using the 802.11n STF has a very high error floor above MSE of 10 −3 . The performance using CAZAC sequences is much better. In low to medium SNR regions, the performance is very close to the single-user CRB. Error floor starts to appear at SNR of about 25 dB. The error floor is around 100 times smaller compared to the error floor using the 802.11n STF.
The performance of the CFO estimation using the N = 31 m sequence and Chu sequence is shown in Figure 4 and Figure  5 for channels with uniform and exponential PDP. Here to satisfy the condition of N ≥ n t L, we use 15-tap multipath fading channels and the circular shift between user 1 and 2's training sequence is also set to 15. Again using CAZAC sequences leads to a much better performance. We can see that in low to medium SNR regions, their performance is very close to the single-user CRB. The error floor using CAZAC sequences is more than 10 times smaller than that using the m sequence. 
V. CONCLUSIONS
In this paper, we studied the CFO estimation problem for the uplink of the multi-user MIMO-OFDM systems. We showed that the maximum likelihood estimator has a complexity that increases exponentially with the number of users. To reduce the complexity, we proposed a suboptimal method using CAZAC sequences. The complexity of the proposed method increases only linearly with the number of users. Computer simulations showed that the proposed method performs close to the single-user Cramer-Rao bound in low to medium SNR regions. For high SNR, the method has an error floor due to the multiple access interference caused by the multiple CFO's. However, the error floor using the CAZAC sequences is more than 10 times smaller than using other practical sequences such as the IEEE 802.11n short training field and the m sequence.
